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Space-charge waves carried by a plasma trapped
in a potential well
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A mono-energetic electron plasma is trapped in a one-dimensional parabolic
potential well. In the undisturbed state a suitable background charge provides
space-charge neutrality. It is shown that stationary disturbances of infinitesimal
amplitude can exist in the plasma for certain critical values of the parameter
A = 47e?/mw?, where 7 is the mean electron density and /27 is the frequency
of oscillation of the electrons in the well. The first few critical values are A = 0,
4-12, 8-2,

The boundary conditions at the end of the plasma are non-linear. As a result
stationary disturbances of finite amplitude in a given mode, say the rth, require
that A shall exceed A,. Further it can be shown that disturbances of small
amplitude in the 7th mode are unstable when A exceeds A,. This applies even for
A, = 0; in this case there exist nearby an unstable even and an unstable odd
mode.

It seems likely that these results can be extended to all cases in which the
potential well is symmetrical.

1. Introduction

Problems involving plasma waves are usually relatively easy to solve if the
medium in which they are carried is infinite, and uniform in space and time.
But the plasma is often finite and non-uniform in practical cases, for example, in
the Phoenix experiment (Kuo, Murphy, Petravic & Sweetman 1963). It is there-
fore interesting to consider how finiteness or non-uniformity changes the plasma
properties. Watson & Rowlands (1963) have recently described the nature of
the two-stream instability in a plasma which is trapped in a parabolic potential
well. Their solution applies to disturbances with many nodes between the end-
points of the plasma. In this limit the wavelength of the disturbance is small
compared with the typical scale of the non-uniformity. Watson & Rowlands
find that the properties of the plasma waves are then altered only very little.

The same problem is tackled again in this paper. This time no restriction is
placed on the number of nodes. We shall find stability criteria for disturbances
in the various modes; it also turns out that there are non-linear effects present
which cannot be neglected even for disturbances of small amplitude. They arise
because, in a mono-energetic plasma, the electron density tends to infinity at
the edges of the trap.
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706 F.D. Kahn

2. The linearized equations

When undisturbed let the charged particles move in a parabolic potential
well between the planes « = + a under a restoring force — w2 per unit mass. The
particles then oscillate in the well with a period 27/w. If n,is the electron density
at x == 0, and 7% the mean electron density in the trap, then

2Raw|m = nyu, = nywa, (1)
where %, = wa is the electron speed at x = 0,
and so 7 = jmn,. 2)

Half the electrons belong to the right-travelling, or the + stream, the others
to the — stream. The charge density due to the undisturbed electrons, each with

charge e, is en(x) = nge(l—a?ja?)—+

= (2/m) Te(1 —x?a?)~ (3)

at position z. Let there be an equal and opposite background charge present,
which remains unchanged in any disturbance. Consider what happens when
the electrons are perturbed. In particular, let the electrons at position x in the
+ streams be respectively displaced by distances af, to the right. There will

then be an unbalanced space charge 3n(x)ea(¢, +£_) to the right of position z,
in first approximation. The electrostatic field at z becomes

E(x) = —2mn(z) ea(£, +£_); (4)
the equations of motion for the two streams become
d2d12 (2 + 0 ) + w3 +af ) + 2(z) aletfm) (€, +£_) = 0. (5)
The undisturbed electrons would, however, obey the equation of motion
d*z|dt®* + w* = 0. (6)

After subtraction one can obtain the equations describing the disturbance and
write them, in Eulerian form,

0 01?2
(50 ] £+ 0P+ 2nna) ) €+ €)= 0. ™)
Convenient new independent variables can be introduced here by setting
x=asing, 7=0t, (8)
80 that n(x) = (2/m)msec and wu(x) = awcos¢;
further, let A = 47 /mw? (9)
The equations (7) become
0 9)\? 1
5 3g) EetE A HE)se0g =0, (10
for the + stream, and
(B-2) €+ +1AE+E)secp =0 (1)
or a¢) - - ( + —) 8 ¢ ]
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for the - stream. When there is no 7-dependence the two equations apparently
become identical; with E = (£, +£_) one obtains

E"+E+AEsecd = 0. (12)

We shall see later that this equation describes a stationary disturbance of small
amplitude in an even mode, i.e. when = is an even function of ¢, but not in an
odd mode. )

The electric field at position ¢ is proportional to Esec¢. It cannot become
infinite anywhere, since the trap contains only a finite number of electrons, per
unit area. Hence E sec ¢ should tend to a finite limit as ¢ tends to + 47, andso E
should vanish there. The solution for the steady state is really not quite so simple;
the boundary conditions at + 4 have to be handled more carefully, since the
linearization always breaks down there. We shall consider this problem in §5.

3. Solutions of the eigenvalue problem

It is a straightforward eigenvalue problem to find solutions of (12), with the
boundary conditions E = 0 at ¢ = + 37 (see, for example, Titchmarsh 1946,
1958). There is a discrete set of eigenvalues A = Ay, Ay, Ay, ... for which appro-
priate solutions exist. The lowest A is, obviously, A = 0, and has the correspond-
ing eigenfunction 2, = 24 cos 6. (13)
The factor 2-% is introduced for purposes of normalization. The other A’s are

successively larger, and their corresponding eigenfunctions are alternately odd
and even in ¢. We define the sign of the Z’s so as to make d=/d¢ negative when

¢ = 4.
The orthogonality condition is derived by noting that

R BB =—(A—A)E,E seco, (14)

On integration from — }7 to 4 the left-hand side vanishes, and so

i
f E,8.8ecopdo =0, (15)
—in
unless A, = A,, or r = s. We adopt the normalization condition
i
j E2sec ¢ dg = 1. (16)
—}n
Putting s= 0 in (15) leads to
i :
f Erd¢ =0, (7)
—}n
unless 7 = 0. Finally, the E,’s form a complete orthogonal set over the interval

( - %ﬂ> %77)'
Numerical values for the A’s and E’s can be readily estimated as follows. In
the range — 47 < ¢ < 4w expand

cos ¢ ==g 142 % :‘1—):_—100827@5} (18)
mr r=1 4r2—-1 ?
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and, in the case of an odd solution, let

2 = 3 by sin 2rg. (19)
r=1
The equation (12) can be written
(E"+E)cosp = — AE. (20)

After substitution from (18) and (19) both sides can be expressed as Fourier
series in terms of sin 2n¢. This series is now cut off at some chosen N, and one
can then equate coefficients. If N =3 we find roots A; %= 1-76, Ay = 82,
Aj = 23-8; the value given for A; is not reliable in this approximation. The
normalized eigenfunctions corresponding to A, and A, are

E, = 0-60sin 2¢p — 0-05 8in 4¢ + 0-01 sin 6¢,} (21)

3 = 0-23sin 2¢ + 0-46 8in 4¢p — 0-10 sin 6.
For the even eigenfunctions one uses the same expansion for cos ¢ but writes

=
o=

bgp_pc08(2r—1)¢. (22)

1t4s

r

In any approximation A = 0is a root. The next eigenvalue, in the approxima-
tion with N = 4,is A, = 4-12; the first two even eigenfunctions are

E, = 2t cos ¢

and Ey = 0-20 cos ¢ + 0-54 cos 3¢ — 0-10 cos 5¢ + 0-03 cos ¢, (23)

4. Stationary modes as limiting cases of time dependent disturbances
The time-dependent equations of a disturbance are

(fri_Fi)zg +& +INE, +E )sechp =0 (24)
or " ag) ST TERGHTS- S
and (53;“5%)2 E_+E_+3AE +E )sech = 0. (25)
Write L +E)=E,

3E.—6)=0,

and let the time dependence of E be like cosh or. It is readily seen that ® then has
a time-dependence like sinh o7. Addition of (24) and (25) gives, with the time-
dependence omitted,
a"+8(l1+0%)+AEsecd = ~ 2007, (26)
and subtraction gives
0"+ 0(1+0?) = —20E". (27)

Consider now the solution of (26) and (27), when ¢ is small. One would try then
to approximate (27) by 0" +0 = — 205", (28)
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The boundary conditions on @ are that ® = 0at ¢ = + }m,orelse£ {= HE+0)}
cannot go over smoothly there into £_{= }(E — ©)}. The solution of (28) which
vanishesat ¢ = — 7 is

Og) = - 20']1”5’(10 sin (¢ —u) du, (29)
and so O@r) =~ 20"[%;r 2'(u) cos udu. (30)

This also vanishes when E is an even function, and so a solution exists in this
approximation. © is then of order o, and goes to zero in the limit as o — 0.
Thus equation (12) correctly describes an even stationary mode of small
amplitude.

But for an odd mode one cannot in general find a solution of (28) to satisfy the
boundary conditions. This equation is, therefore, a poor approximation. Return-
ing to the full equation (29) we see that in this case a possible solution is approxi-
mately

Q= ———20- ¢'=' i 1412 d A 1 3
__1+%_0_2f0...(u)s1n{( +30?) (¢ —u)}du+ Acos(l+}0%) ¢
= —2o-f¢3'(u)sin(¢—u)du+A cos ¢ — LAc? gsin ¢. (31)
0

@ vanishes at ¢ = + 7 if

bn in
A= 2 Z'(u)cosudu = -—if E (%) sin u du. (32)
o) —n moJ —in

The dominant part of the expression for @ is now

4cos¢ (37
e ) _ia

Om —

HE(u)sinudu. (33)

On substitution into (26) one finds that

i
"+E+AEsecd = -—%sinqﬁ E(u)sinu du, (34)

—in

[1]

having neglected the contribution g2 on the left-hand side. The equation is
valid if o is small enough, and so, as o tends to zero. Itis the appropriate equation
for finding the stationary odd modes of the system. The boundary conditions are
that E =0at ¢ = + 1a.

But in the limit as o tends to zero, relation (33) suggests that @™ becomes
infinite. On inserting the assumed time dependence one sees that this is not
a real infinity, but that the dominant part of ® becomes

in
O ginh o1 & — (%) T COS ¢f E(u)sinudu
3

=7dwcos P, say. (35)
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This term grows linearly with time, but is never infinite. It can be removed by
suitably re-defining the motion of the reference particles, as follows.

An undisturbed electron, in the right-moving stream, say, has its angular
co-ordinate given by ¢ = 74 ¢, where ¢ is a phase angle. Its position is then given

by

x = asing = asin (7+¢). (36)
If only a disturbance of the form (35) is present the electron is displaced to
x4+ 0x = a(sin ¢ + 7w cos @) = asin (¢ +70w) = asin{r(l +dw)+e}.  (37)

The effect of the @ term is to change the angular frequency of the electrons in
the trap. The ®®™ term can, therefore, be simply removed by giving a slightly
different definition to the motion of the reference particles. Such a change
produces no space charge anywhere, and therefore leads to no physical effects.
One readily sees why the frequency of the electrons has to be changed like this,
for the trapping field is odd, and if the disturbance field is odd as well, then they
add together coherently. This does not happen for an even disturbance field.

We go on to find the values of A such that solutions of (34) can be found to
satisfy the boundary conditions. Expand

[xl

= % Cyr 18y (38)
r=1

On substitution into (34) one then obtains that

sec ¢ ;1 Cora(A— Ay, 1) By, = —4 ;1 By, _109ys5in @, (39)
in

where B, ,= ; f Eopq(u) sin u du. (40)

—37

Multiply both sides of (39) by E,,_, and integrate over ¢ to find that
Co1(A—Agy 1) = —2mBy, 4 ;1 Cor1Bor1- (41)
Now multiply both sides of (43) by B,, ,/(A~A,,_;) and sum over all s to find
that :
1+27 f B _ 0 (42)
§=1 A- A23~1 '

The coefficients B,, , may be expressed in another way. From the equation de-
fining =,, ; one has that

bid — . 37 — ~— :
Ags s By 8in ¢ dgp = "f (Bzs_1+ B ;) sin ¢ cosgp dgp

3
- g f  Euasin2gdg = ?’f-bgs—n, (43)

after some integration by parts, and on using expansion (19). The superfix
2s — 1 now indicates that the expansion refers to the function =,,_,. Thus

Byy 1 = (3/2A5,_;) b1, (44)
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Values for 6" and 6§ can be read off from relation (21); other b, coefficients will
not be needed in the approximate calculation which follows. But, in general,
values of A which allow the existence of a stationary odd mode can be found,
ie. ‘

9 © {bg2s—-l)}2

FA)=14+T s 02757
A) 5 2 AL (A=A )

=0. (45)
This equation in A has a countable infinity of non-negative roots. Clearly
F(A)—~> Foo whenever A - A,,_; T 0, respectively. There is then just one root
between each A,,_; and A, ;.

Note that Z = ¢ cos ¢ satisfies the boundary conditions and the equation (34),
when A = 0. Hence F(0) = 0. Further, F(A) is a strictly decreasing function of
A when A is negative. Thus A = 0 is the smallest root.

The next higher root of F(A) = 0lies between A, and A4, On insertion of numeri-
cal values one finds that it is actually quite close to A;. Only the coefficients
b® and b make an appreciable contribution and need to be retained in the
calculation. On setting A = Aj+JA and neglecting A in comparison with A

one finds that 9 (o) by
m P) 2 _
% Koo ay A28 * .

1+

so that A = — 0-0088. The displacement of A from A, is only very small. For
higher odd modes it is even less significant.

In summary then, even stationary disturbances of small amplitude can
occur near A = A,; but the odd modes are displaced from A,,_, to Af,_,. The
lowest of these is A} = 0. The other A* are only slightly smaller than the cor-
responding A.

5. Non-linear effects at the boundary

Only linearized equations have been used so far to describe the plasma waves.
But the linearization breaks down near ¢ = + 3, and a different solution has to
be found there.

Consider the motion near ¢ = 3 for an even time-dependent disturbance. Let
the motion be so defined that an electron is furthest in the direction of z increasing
(or furthest to the right) at the instant when its reference particle passes through
¢ = 4n. This can always be arranged, if necessary, by adding an amount

+ 60, cos g to £,. The alteration does not change the value of (£, +£_), or of its
derivative. Let £(3m) = £,, and write Y = }n— .

Two cases arise, depending on whether £, is negative or positive. If £, is
negative, each electron remains to the left of its reference particle while in the
immediate vicinity of { = 0. Consider then the charge to the right of an electron,
whose reference particle is at position 1. Since the reference particles are uni-
formly distributed with respect to i, the total charge due to the electrons in this
region is nyeayy. If the reference particle is at ¥, the electron is actually located at

x =a(cosy+§) = acosy’. (47)
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Hence the background charge to the right of that electron contributes — nyeay’,
and the net charge becomes njea(yy —y'); the corresponding electric field is
— dmngea(yr —y’). The equation of motion becomes

2
0Pt T (=) =,

or (d%jdy?) +E+ AP —y7) = 0. (48)
Since ¥ and ¥’ are small, one can now approximate by setting cosyr = 1— 42

and cos ¥’ = 1— 4%, so that
Y= (y2-26)3, (49)

and (48) becomes

(@2E[dy?) + E+ AlY — (P2 —26)F] = 0. (50)

When 32 much exceeds 2|£| one can expand under the square root sign, and
recover the form of the linearized equation appropriate near i = 0. But there
is a region within which this cannot be done. Here one may approximate by
setting £ = —|£,| and integrate, with the boundary condition df/dyr = 0 at
Y = 0, to find that

dg[dyr = YlEa] —BA[Y2— P2+ 2)E AT+ AlE, | sinh 1 /26 DR (51)

In the region where 12 much exceeds 2|£,| this leads to

dEjay = A|E|log 2 — $A|E| log 2|&x| & Al€i|log ¥ —FAJEx] log |Esf,  (52)
and here the second term on the right dominates. We also see that df/dyr is
of order £, log |£,|, and so the change in the value of £ over a range ¥ is at most
of order yr|£,|log |£4]. One can therefore consistently neglect the variation of £
in the boundary domain, aslong as i log |£ | is kept small. Thelinearized solution,
which is valid outside the boundary domain, must therefore be matched smoothly
to the conditions
g ag
=16l Go(=-g) = WIElloglE. (53)
But if £, is positive, the equation (50) cannot be used all the way tor = 0, since
Y2~ 2f eventually becomes negative, and then all the background charge is
to the left of the electrons. The electric field on a given electron can then be
found simply in terms of those electrons which are to its right, so that

(d2jdy?)+E+AY =0 (54)

replaces (50) there. The calculation can be carried through as before, but now in
two parts. One finds that the required boundary conditions to be satisfied at
the edge of the linear domain are that

3 3
E=tn 35(=-3) =~ MEdoglEl (55)
when ¢ = 47. Except for small A the ratio |£|:|d§/d¢| is small at the boundary.
Hence an adequate boundary condition for a small amplitude disturbance is
£ = 0 when ¢ = }#. Stationary solutions in the neighbourhood of A = 0 have to
be discussed separately (see §7).
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In discussing the boundary layer for an odd mode one finds that the only
difference is that there is now the additional term

S L

—sin ¢ Esinudu

7 3
to be added to equation (50). Near the boundary sin ¢ = 1; further the integral
is evidently of the same order as Z'(}7). On following through the calculation
one obtains estimates for £ which are the same as in (53) or (55), to the accuracy
required. The value for d&/d¢ is changed by an additional term of order &' (3m).
This change is negligible, since E’(17) is of the same order as d£/d¢, while yr is
small. Relations (53) and (55) therefore apply to even and to odd modes.

6. Unstable disturbances

It will now be shown that, as one might expect, a new mode becomes unstable
whenever A increases through a positive A,, or A% _;.

Consider first an even mode. Let A = A, + A; the time-dependent equations
for @ and E may then be written

Ly, (B) = E"+E+ Ay Esecd = — 028, — 200, — AE, sec P, (56)
and 2+ Oy = — 208, (87)

in good enough approximation. If the solution is expanded in the form
E=Z op,Hy, (58)
r=0

then the boundary conditions on E at ¢ = + 17 are automatically satisfied.
Further (56) becomes

Ms

sec ¢ (AZS - AZr) Kop EZr = (0—2528 + 2a-®és + AE% sec ¢) (59)
r

0

The coefficient of E,, on the left-hand side vanishes. On multiplying through by
E,, and integrating both sides, one finds that the relation between A and o is

3n 37
o2 f . ELdp+20 f  EwOLdp =) (60)
‘We shall now show that
%7’ —9 2 ‘}" — ’
f_% =3 dé +;f_ =, 0,4 < 0, (61)

so that real positive values of o occur when A is positive, and the waves are then
unstable.
To establish the result expand ®,,, which is an odd function of ¢,

Oy = 7 3 By sin 20, (62)
r=1
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Hence from (64)

- 13
B =3 21 (4r2—1) f,,8in 2rg,
=
12 4r2—1
and By = -3 21 T Porcos2rd+ A4; (63)
r—

in
the constant of integration 4 must vanish since we know that -{ o, d¢p = 0.
Hence in

o, 2 T2, ((4r2—1\2
[ fmrsmaenfas =3 3 () m-ur-nph e
since this is clearly negative, our result is established for the even modes.

For an odd mode we must first separate out the main part @, of @,,_,, so
that Ope1 = OFL 1+ 05, 4, (65)

and 6,, , is orthogonal to cos¢@. The equations for a slightly unstable wave
become g
Ly (BE)=8"+E+A¥ _,Esecd+— sm¢ Ssinudu

—3n
= —0%8} | —200,,_,—AE}_,sec¢ (66)
and 0551+ 09y = —20{E%_, — Bf cos ¢}. (67)
The coefficient BY is defined in the expansion
E 25-1 = E B2r—1 sin (27‘ - 1) ¢ (68)

Once again unstable waves occur for positive values of A if

f (B804 (2/0) By Oii}dp < O, (69)
. i 1
or if Z B}  —4 Z (—2%_*)—)— B <o. (70)

The requirement is met if it can be shown that

B¥? <3 §2B;‘,.2__1, (71)
—
and this is readily established as follows. An alternative expansion for E¥,_, is
B = % b% sin 2rg. (72)
Evidently El B = ,21 b2, (73)
re= =

and so (71) is proved if it can be shown that
B < 3[2 b Brz],

or B <

I'ler-l

Y
E b;f2?
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or, even better, that B¥? < 3b¥2. (74)
To do so we note that
1 i" 3 %* —_
0= 2], sin 2¢ L3, , (23, ,) d¢
3 [ ok o * in ok
=- éf s B 15in2¢dg + Azs_lf_i B 18in ¢ dg,
so that 3b¥ = AL, BY. (75)

Now A% _, certainly exceeds ,/3 when s exceeds unity. The result therefore
follows, except in the case that A = A¥ = 0.

7. Non-linear effects on stationary disturbances

We come now to consider the effect of the non-linearities which arise near
¢ = +im when the wave has a finite amplitude. The boundary condition (55)
can then be written in the form

- 2E'(9)
(@) R ——=—77 76
@) Alog |£,] 79
as ¢ - 1m, and in an analogous form near ¢ = — }7r. We deal with the even modes

first.
To take account of the changed boundary condition we re-write the equation
for E in the form

E'+E+AEsecd = ‘1\2115?13 (37— @) (77)

and so E > —28'(3m)/(Alog |£4]) as ¢ — 4w —0. If A is only little altered by the
change, then one may write A = A,,+ A, and again regard A as small. On using

o3

the expansion X = Z &y, 2g, one finds that

r=0

sec @ Eo Agp(Npe— Agy) By, = ;% &' (3m— @) — AE,,sec . (78)

Multiply through by E,, and integrate from 0 to 37 to find that

__ 2Em) ,
= R (Ve ) ran- s
or X = — 4Z2(4m)(Ag, log |6 ); (79)

[Il

and this is positive, since log |£,| is negative. The amplitude of the disturbance
goes to zero with £,, and so does A.

The argument for the odd modes is entirely similar, and we find that the non-
linear boundary conditions produce a change in A* amounting to

A= —4{Ef_,(3m)P/( A3,_1log |§*D, (80)

provided s > 2.
The non-linear corrections take on a somewhat different form when the
electron density is low, and so A is small. Consider therefore a small value of
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A,say A = A,. For this parameter the linearized equation describing a stationary
disturbance in the even mode is

E"+E+A,Esece =0, (81

and has the solution

=
lad

A(cos ¢ — A,), (82)

correct to the first order in A,. This solution matches on smoothly tothe boundary
layer provided that

B(dm) = £x, and  E'(Jm) = —JA,Ex log €yl (83)
This means that we must have
«=—2A4 and -—A=-3A¢L,logl|L,], (84)
so that the solution is either trivial (£, = 0) or else
X3 = —2]log |E,|. (85)
Hence £y = texp(—2/A}) (86)
and E = F(1/Ay) (cos p— Ay) exp (— 2/AD). (87)

To be specific, take the disturbance with the upper sign, for which the electric
field, in dimensionless form, is

& = —A,Esecd = exp(—2/A2) (1 — A sec ). (88)

The diagrams in figure 1 show plots of & and = against sin ¢, the distance from
the centre of the trap. In this mode there is a potential difference

Av = —2e~2M (1 — LA )
between the ends of the trap. It is also seen that the electrons overshoot the
background plasma on the right-hand side, and ‘undershoot’ it on the left.
The linearized equation describing a stationary odd disturbance is

8 . [ _ . =
E"+E+7—Ts1n¢ Esingdp = —A,Esecq, (89)

and once again A is supposed to be small. When A, vanishes, (89) has the solution

E = B cos¢; (90)
to the first order in A, equation (89) therefore becomes
= B F
.:."+.=.+7—Tf . Zsingdp = — A, Bg. (91)

It is easily verified that the solution required here is

E = B¢ cos ¢ + BA{(4/m)sin p — ¢}. (92)
When ¢ = iz, then,
& = — BA(4n—4jm) = £, }

: (93)
and dE/dg = — }Br = — tA &, log Ly,
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to sufficient accuracy. On elimination of B one finds that

A3 = —2{(1—8/n?)log |£,[} (94)
2 1
or Ig*l = expl—mxg}. (95)
Going back to (93) one now finds that
2 2
= a2 | = s 9
AZ, ¢
E :
1 0 1 »sin ¢

f ke me e m e eag e = e ce - o =]

et cmmm e .~

Ficure 1. The semi-circular curve shows how the displacement E of an electron varies
with distance from the centre of the trap, in the lowest even stationary mode. The other
curve shows the variation of the electric field &. Notice how both & and E reverse signs
near the ends of the trap.

These equations describe a stationary odd disturbance which can exist in
the plasma even for small A;. This time the amplitude is much smaller, for a
given A, than in an even disturbance, because of the presence of the factor
(1—8/m?) = 0-19 in the denominator of the exponent.

There is no potential difference between the ends of the trap in an odd mode,
but the potential difference between the centre and the edge of the trap is, in
dimensionless terms,

= —Bf:" [¢p cos ¢ + Ap{(4/m) sin ¢ — @} cos pdd = — B(0-37—0-061,). (97)
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8. Stability of the plasma when the electron density is low

We shall consider the stability of disturbances in plasmas for which A is
close to zero. For larger values of A, say when A was close to A,,, the procedure
was to set A = A,, + A and to consider a disturbance of infinitesimal amplitude,
with a time dependence of the form cosh 7. On applying a perturbation pro-
cedure to the linearized equations we then found a linear relation between o2
and A. Solutions in regions with ¢2 positive were judged to be unstable. But this
method cannot be used near A = 0, for the coefficient of o2 vanishes there, as

AL

, ’
’ Id ’
. o, ’
. ,
/
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Froure 2. Curves relating values of |£,| and A for which stationary disturbances can
exist. Reading from the left the curves refer to the lowest even, the lowest odd, the
second even and the second odd modes. A particular mode is unstable when (|£.], A)
lies below the corresponding stationary solution curve. The points (|£,[, A,) and
(|€x]s Ao+ 0A) are shown to illustrate the argument leading to a stability criterion for the
lowest even mode (see §8).

is easily verified. Hence we shall look at the time-dependence of a solution of
finite amplitude, whose representative point lies just below the curve for station-
ary solutions in the (£,, A)-plane.

Let therefore Xy(¢) be the stationary even solution when A = A,, and let
X,(3m) = &y, 80 that Xg(3m) = — §A,£,1og |£«]. To a good enough approximation

then X, = A(cos p—Ay), (98)
where A= tA5le 8 and X'(im) = —A.

Now keep £, fixed but consider the solution for A = A,+ dA. If §A is positive,
the point (£, A,+ 6A) lies below the stationary solution curve. The corresponding

disturbance is therefore time-dependent. Let it be E(¢) cosh o7.
To satisfy the boundary conditions now requires that

B'(3m) = — 1 (Ao + OA) £y log |Ex|
— (L+8/A) X33m). (59)
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As in previous calculations
0"+0 =—-20X, = 204sin¢. (100)
The solution for which @(}m) = 0 is
@ =—0cAdcosg, (101)
so that the perturbed equation which E must satisfy is
E"+E+AEsecd = —02X— 200" —0AX secd = H(¢), say. (102)

Multiply both sides of this equation by X, and integrate from —}m to §m.
After some integration by parts, and on using the fact that X satisfies

Xo+ Xp+A, X secg =0,
one finds that

in
[Xo(9) E'(#) — Xo(@) E()Fyr = " H() Xo(¢)dd. (103)
Now XM =E@m =L =-2,4
and E'(3m)— Xj(hm) = — $0AEx log |£a| = — (B/A) 4.

The left-hand side of (103) therefore becomes 2425A. On substitution from (98)
and (99) into the right-hand side of (103) we then find, after some reduction, that

24%A = 442,02 — 24%2, (104)
to a good enough approximation. Thus
o? = §A/A,, (105)

so that o2 is positive, and the disturbance unstable, if A is positive. This means
that once again points below the steady solution curve represent unstable
disturbances.

We now consider odd disturbances, and the method is quite similar. Let
X3(¢) be the stationary odd disturbance when A = A,. Once again

X3(4m) = £x = — A B(hm— 4/m)

and (dX3[dP)yr = —FAobxlog|Ex| = —3nB.
Further, X3(P) = B cos ¢+ BA{(4/m)sing — ¢}
As usual we split up 0 =0m40,

where O™ contains the cos ¢-dependent part. ® now satisfies the equation
0"+ 6 = — 020™ — 20 X{,

and after some computation one finds that the approximate solution is

= —3Ba(¢?cos ¢ —gcos @) - 20BA, (?r Psing +7§rcos o~ 1) . (106)
The equation for Z becomes

=, = 8 . [ _
E”+.=.+/\0:.sec¢+7—rsm¢ Hsingdd
3

—gn

= —0tXF — 200"~ SAX sec . (107)
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Once again we multiply through by X{(¢) and integrate from — 3m to }7. The
resulting relation is that

3(m*—8) A oA

2 _ e g.820

o e 38/\0, (108)
and again the points below the steady-solution curve represent unstable
disturbances.

9. Discussion

In many ways the properties of the plasma in the trap resemble those of the
uniform double-streaming plasma. Both can carry unstable space-charge waves,
and both have certain critical values for the electron density, above which new
unstable waves can switch on.

But there are also some significant differences. The trapping field eventually
stops the electrons in the +stream and turns them into the — stream. Since
there can be no infinitely large forces anywhere the transition must be smooth,
and this affects the boundary conditions at the end of the trap. Non-linear
equations must be used to describe the boundary regions and they show that a
layer of space charge will always build up there. They also permit the calculation
of the amplitude of a stationary disturbance which the plasma can carry, in a
given mode, at a mean density 7% somewhat larger than the critical value for that
mode. Disturbances of smaller amplitude will be unstable at mean density 7,
and will grow to reach the amplitude of the corresponding stationary wave.

Again, in the double-streaming plasma, an electron comes from —oo say,
passes once through the disturbed region and then on to co. But in the trapped
plasma a given electron passes repeatedly through the disturbed region. In an
odd mode the effect of the disturbance field on an electron can add coherently
to that of the trapping field, and in the lowest modes a large phase difference may
then be built up between an electron and its reference particle. As a result
stationary odd modes are described by equations different from those for the
even modes, and the critical values of the electron densities are therefore dis-
placed for the odd modes. This is particularly marked in the case of the lowest
odd mode, whose critical value is displaced to zero.

Finally at any given small electron density the trapped plasma can carry an
even or an odd wave of finite amplitude, and once again waves of smaller ampli-
tude are unstable for that density in that mode. A minimum density is needed
before instability sets in at a given wavelength in the double-streaming plasma.

For simplicity’s sake the argument so far has been restricted to a mono-
energetic electron plasma in a one-dimensional potential well, but one might
ask which of the conclusions remains valid if some of the restrictions are relaxed.
For example, the non-linear behaviour occurs near the boundary because all
the electrons turn round at the same point. If the plasma particles had a con-
tinuous velocity distribution this effect would disappear.

A parabolic potential well causes any particle, whatever its energy, to oscillate
with the same fixed frequency. Even in a plasma with a continuous velocity
distribution one would therefore find that there is no Landau damping, just as



Space-charge waves carried by a plasma 721

there is none in a mono-energetic plasma. In a well of more general shape particles
of different energy do not have this synchronism, so that phase mixing and there-
fore Landau damping should occur.

Of course, if the plasma in the more general well is monoenergetic, all the
electrons will follow the same trajectory and have the same period. Then one
might expect that many of the properties of the parabolic well should still apply,
and so they do.

Consider then a symmetrical potential well. In suitable dimensionless terms
let the restoring force be F(z) at position z, and let the undisturbed velocity in
the two streams there be +u. With our previous notation we find the equations
of motion for the two streams to be

(Grug) Emb Tt ErE) =0, (109)

while the undisturbed velocity is given by
u(du/dz) = F. (110)
If now we set dx = udd, (111)

then ¢ is single valued as long as « does not change sign anywhere within the trap.
Equations (109) and (110) combine to give

0 u” A
= = 0. 112
(o) Bt bt g€ e (112)
The dimensionless co-ordinates can clearly be chosen so that » = 0, i.e. so that
the plasma ends, at ¢ = + 1=.

The equation for a stationary even mode becomes

[x]

u
'——B4+—E=0 113
“ 5+ : (113)

and once again we have to solve a standard eigenvalue problem. A = 0 is the
lowest eigenvalue, and the corresponding even mode is evidently E = . Equa-
tion (113) also possess a discrete set of eigenvalues, of which those belonging
to the even eigenfunctions describe the stationary even modes.

For an odd mode with small amplification rate o, ® is given by

Q" — (u"|u) © + 020 = — 20F’, (114)
from which it follows that

in
@udqﬁ = —gf E'udd. (115)
—3n in
The equation Yy —puu)yy="0 (116)
has even solutions Y = Co(P)
for p=py (r=0,1,2..),

which vanish at ¢ = + }7. Evidently ¢i(¢) = u, and 4 = 1. On solving (114),
with ® expanded as a series in ¢,,(¢) one finds that all terms have coefficients of
46 Fiuid Mech. 21
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order o except for cy(¢) whose coefficient is of order o—!. This is the only term
which matters when o is small. On carrying it back to the equation for E one
finds that a stationary odd mode is now described by

{1}
fr)

” u” A'— ’ *” —_ *” 2
~ +~d._. = 4-uf im._‘ud’ng/f_{lmu do. (117)

The lowest eigensolution of this occurs for A = A¥ = 0, and is E = ¢u, as one
easily can verify. Higher eigensolutions can be found by expanding = in terms
of the odd eigensolutions E,, ; of

[44]

u”
"——BE+—-E=0. 118
CE (118)
The eigenvalues A* of equation (117) are now found to be given by

F" wrdg+ 3 —4—*—“1’" E u’d¢:2-0 (119)
3 o A* _AZr—I —gm —=or--1 = V.

This equation is entirely analogous to the equation for A* in the case of the
parabolic well. The same type of shift in the odd eigenvalues will therefore occur.

Finally, the non-linear boundary régime remains essentially the same whether
the mode is even or odd, for its nature depends only on the fact that the trapping
field near the ends of the plasma varies linearly with distance. This is always
approximately true, as long as the boundary layer remains thin enough.

All the properties of a monoenergetic plasma in a parabolic well should there-
fore have an analogy in symmetrical wells of more general shape.

The author first heard of this problem while visiting the Culham Laboratory
as a consultant. He has had very interesting discussions about it with Professor
W. B. Thompson, Dr G. Rowlands and Mr C.J. H. Watson.
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